This paper is dedicated to present static behaviour of Reddy-Bickford laminated composite and sandwich beams subjected to various sets of boundary conditions which are simply supported (SS), clamped-simply supported (CS), clamped-clamped (CC) and clamped-free (CF) by using Ritz method. An analytical solution based on polynomial series including auixiliary functions which are used to satisfy the boundary conditions is developed to solve the studied problem. The polynomial shape functions for axial, transverse deflections and the rotation of the crosssection are presented. The validation and convergence studies are performed by solving symmetric and antisymmetric cross-ply composite beam problems with various boundary conditions and aspect ratios. The numerical results in terms of mid-span deflections, axial and shear stresses are obtained to make comparison with previous studies and to investigate the accuracy of the present study. The effects of fiber angle, lay-up and aspect ratio on displacements and stresses are studied. The static response of the various laminated composite sandwich structures which have symmetric lay-up based on the various boundary conditions, fiber angles and thickness ratios is also studied. It is found that the polynomial series with auxiliary functions can be used for the static analysis of the composite and sandwich beams via Ritz method.
Introduction
The use of composite beam structures has been increasing in several engineering applications due to their high stiffness, anisotropic material property and strength to weight ratio. To understand the mechanical behavior of these structures, researchers have been developed various beam theories in recent years, the review of these theories can be found in [1] . There are a number of beam theories which have presented the kinematics of deformation. Among them, the most commonly used is the Euler Bernoulli Beam Theory (EBT). Euler-Bernoulli beam theory (EBT) is widely used to solve the bending behaviour of the thin beams where the transverse shear deformation is neglected. If the beam is short or thick, the transverse shear deformation should be taken into account and refined shear deformation theories are needed.
The Timoshenko Beam Theory (TBT) and the Reddy-Bickford Beam Theory (RBT) are commonly used for the buckling, vibration and static analysis of thin and thick beam structures. In the TBT, the normality assumption of the EBT is relaxed and the cross sections do not need to normal to the mid-plane but still remain plane. The TBT requires the shear correction factor (SCF) to compensate the error due to the assumption of the constant transverse shear strain and shear stress through the beam thickness. The SCF depends on the geometric and material parameters of the beam but the loading and boundary conditions are also important to determine the SCF [2] [3] . In the third order shear deformation theory which is named as the RBT, the transverse shear strain is quadratic trough the thickness of the beam and does not need to use a SCF. Many higher order beam theories (HBT) including quasi-3D ones (HBT) have been developed to study the bending behaviour of composite beams and only some of them [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] are referenced here. The static behavior of of composite and sandwich beams have been investigated by using analytical and numerical methods. Among them, the finite element methods are the most commonly used ones for the analysis of composite beams [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . There are a few studies realted to the flexure analysis of laminated composite and sandwich beams by employing a meshless method [29] [30] [31] [32] [33] . The Navier solution is the simplest one which can be used only for the solution of the problems with SS boundary condition [34] [35] [36] as an analytical approach. In order to deal with arbitrary end conditions, many different methods have been developed. The most commonly used one is the Ritz method [38-41].
As it is seen from above literature survey, the studies related to static analysis of the laminated composite and sandwich beams by employing Ritz method are still limited. The main scope of this work is to investigate the static behaviour of the Reddy-Bickford laminated composite and sandwich beams by using Ritz method with polynomial shape functions. In the persent paper, the static analysis of the laminated composite and sandwich beams are presented by considering various fibre angles, lay-ups, aspect ratios and sets of boundary conditions. In section 2, the theory and formulation are given. In Section 3, numerical results are given for the problems with four different boundary conditions which are simply supported (SS), clamped-simply supported (CS), clamped-clamped (CC) and clamped-free (CF).
Theory and Formulation
In Fig. 1 , a laminated composite beam which is made of many plies of orthotropic materials in different orientations with respect to x-axis is presented. It is assumed that a lamina has no gaps or empty spaces, behaves as a linear elastic material and is bounded perfectly to each other. Where h is the height of the beam, b is the width and L is the length. The stress-strain relationship of a k th orthotropic lamina in the material coordinate axes is given by:
where ( , ) are the stresses and ( , ) are the strains with respect to the laminate axes. 's are the transformed elastic constants or stiffness matrix with respect to laminate axis x. The transformed elastic constant can be given by: 12 and 21 are the six independent engineering constants. To describe the RBT the following coordinate system is introduced. The x-coordinate is taken along the axis of the beam and the z-coordinate is taken through the height (thickness) of the beam. In the general beam theory, all the loads and the displacements (u,w,φ) along the coordinates (x,z) are only the functions of the x and z coordinates.
The following displacement field is given for the RBT,
Here and are the axial and transverse displacements of any point on the neutral axis, is the rotation of the cross sections and = 4/(3ℎ 2 ). By using the Eq. (2.3), the strain-displacement relations of the RBT are given by
where = 3 = 4/(ℎ 2 ). The strain energy of the beam including the energy associated with the shearing strain can be written as,
where is the volume of the beam. The potential energy of the load q(x) is given by
The stiffness coefficients can be introduced as follows:
By using Eqs. (2.6) to (2.9), the total potential energy (Π) can be written in the form of:
The mid-span deflections, axial and shear stresses are obtained by using the Ritz method. The displacement functions (x), w(x) and ( ) are presented by the following polynomial series which are satisfy the kinematic boundary conditions given in Table 1 ,
where , and are unknown values to be determined, ( ), ( ) and ( ) are the shape functions which are proposed for the boundary conditions (BC) to be studied within this paper, and ( = , , ) are the boundary exponents of auxiliary functions related with the boundary conditions given in Table 2 . It has to be mentioned that the shape functions which do not satisfy the boundary conditions may cause slow convergence rates and numerical instabilities.
One can substitute Eq. (11) into Eq. (10) and then use the principle of the minimum potential energy given by Eq. 
Numerical Results
This section is presented to understand the static behaviour of the composite beams based on the RBT formulations and the Ritz method. The numerical results obtained by employing different number of terms in the polynomial series expansions are used for convergence and verification studies. The results are presented in terms of displacements and stresses of composite beams considering various lay-ups, aspect ratios and boundary conditions. The results from previous studies [5, 8] in terms of dimensionless mid-span deflections, axial and shear stresses are used for comparison purposes by considering three different aspect ratios (L/h) 5, 10 and 50 are considered. The material properties for the composite beams studied within this paper are given in Table 3 . The following non-dimensional quantities are used for the representation of the results; Non-dimensional maximum transverse deflection of the beam:
Non-dimensional axial and shear stresses of the beam:
Verification, Comparison and Convergence Studies
Symmetric and anti-symmetric cross-ply composite beams subjected to uniformly distributed load with various boundary conditions (SS, CF, CC and CS) and aspect ratios are investigated to verify the developed code with respect to the different series number m. The present results agree well with those from previous studies [5, 8] . It is clear that for the static analysis, the responses converge quickly for all types of boundary conditions when m is set to 8 as it is seen from Tables 4 and 5. It is seen that for the deflection analysis 10 terms in the polynomial expansion gives accurate results which are good agreement with the previous studies. However, for the stress analysis, using 10 terms in the polynomial expansion could not provide satisfactory results. So that for the further stress analysis m is set to 8. Moreover, a beam with CF boundary condition should be studied by employing 12 terms in the polynomial expansion to obtain accurate results in terms of mid-span deflections.
The approximation functions which are ( ), ( ) and ( ) should be continuous as required in Eq.(2.10), linearly independent, complete and satisfy kinematic boundary conditions. If these functions are linearly independent and complete, the assumed approximation for the displacements converges to the exact solution with an increase in the number of term. Since the strains are computed based on an approximate displacement field, generally the strains and stresses are less accurate than the displacements. A mathematical proof can be found in [42] [43] [44] .
Bending Analysis of Laminated Composite and
Sandwich Beams Various boundary conditions are considered to investigate the flexural behavior of the laminated composite and sandwich beams under uniformly distributed load. Different lay-ups, fiber angles and aspect ratios are employed to obtain numerical results in terms of the mid-span deflections, axial and shear stresses based on the RBT Theory. Tables 6 and 7 , variations of mid-span displacements, axial and shear stresses respect to the fiber angle (θ) are revealed. It is explicit that as the fiber angle increases, mid-span deflections and maximum axial and shear stress values increase for any type of boundary conditions and aspect ratios. The midspan deflection and axial stress decrease while the aspect ratio increases. One can easily notice that for all type of lay-ups, the shear stress increases when the aspect ratio increases. It is displayed in Figs. 2 and 3 that the fiber angle increases while the dimensionless maximum axial and shear stresses increase with respect to all type of boundary conditions and aspect ratios. It is clear that the discontinuities are visible for studied composite beam structures.
Laminated Composite Sandwich Beams: Type B
This example is dedicated to investigate the static deformations of cross-ply sandwich beams (Type B) subjected to uniformly distributed load with the top and bottom face thickness (ℎ 1 ) and core thickness (ℎ 2 ). The dimensionless mid-span deflections and stresses are presented in Tables 8  and 9 for various thickness and aspect ratios by employing the Ritz method. It is observed that the dimensionless midspan deflections increase while the thickness ratio increases. In Fig. 4 , the dimensionless axial and shear stress variations through thickness of the sandwich beams are displayed for various thickness ratios. It is noteable that, the maximum stresses increase as the thickness ratio changes from 3 to 8. The maximum dimensionless axial and shear stresses are computed while the thickness value is set to 8. Table 9 . Dimensionless axial ̅ (0, 
Conclusion
Based on the RBT formulation and the Ritz method, the static behavior of the laminated composite and sandwich beams is investigated by using the polynomial series expansions with auxiliary functions. Various composite and sandwich beam configurations are considered based on different aspect ratios, lay-ups, fiber angles, thickness ratios and boundary conditions. The numerical calculations in terms of mid-span deflections, axial and shear stresses are compared with the results which are obtained by other authors to validate the present model. It is found that computed results agree well with previous ones.
The selection of the number of terms in the polynomial expansion depend not only the formulation used in the numerical calculations but also depends on the boundary condition to be employed. For the deflection analysis, employed number of terms can be different according to the boundary conditions of the problem. It is clear that to obtain satisfactory results with a CF beam, higher number of terms should be employed in the polynomial expansion. Moreover, to obtain accurate results in terms of stresses, it is important to investigate optimum number of terms.
Higher number of terms in the polynomial expansion may not produce satisfactory results regarding to the lower ones. It is also found that using the Ritz method with polynomial shape functions including auxiliary ones is simple to implement, efficient and provides quick convergence rates and expected results for the static analysis of laminated composite and sandwich beams.
